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INCLUDING EFFECTS OF VISCOUS INTERACTIONS AND
EXHAUST JETS IN SUBSONIC FLOW
by Josef Rom* and Lawrence J. Bober
Lewis Research Center
;
SUMMARY
An approximate method of calculating the pressure distributions on boattails has
been proposed. This method accounts for viscous effects including the presence of a
separated region for base flows by combining an inviscid analysis with a-boundary layer
analysis in an iterative calculation. Details of the reversed flow region are not con-
sidered; instead, the reversed flow region is considered as a solid body and the
streamwise flow is treated as a boundary layer. The shape of the dividing line between
the streamwise and reverse flow regions is calculated by an iteration procedure. This
method requires that the static pressure at the separation point (boattail trailing edge
pressure) be specified. It is possible, in principle, to extend this method to the calcu-
lation of boattail flows with pressure gradient induced separation on the boattail.
Some preliminary results have been obtained for boattails at subsonic free stream
Mach numbers with turbulent boundary layers separating at the boattail base. A com-
puter program based on an iterative calculation between an integral turbulent boundary
layer method and a subsonic potential flow method was used. In some,cases, reason-
able agreement was obtained for both the boattail pressure distribution and the pressure
drag when the calculated pressure just ahead of the base was matched to the measured
pressure at the same location. In other cases, convergence was not obtained.
* Professor of Aeronautical Engineering, Technion-Israel Institute of Technology,
Haifa, Israel.
INTRODUCTION
The drag and the pressure distributions on the boattailed afterbodies of flight vehi-
cles and of engines are of considerable importance for evaluation of the optimal flight
configurations. The engine afterbody drag rise must also be evaluated at conditions
with jet exhaust. Some methods for evaluation of the boattail drag and some experi-
mental data on various boattails at subsonic, transonic, and supersonic speeds are
presented in references 1 to 4. The methods for evaluation of the boattail pressure
distribution are based on inviscid flow field calculations, sometimes with corrections
due to viscous effects.
The present analysis considers the flow over the boattail of an axisymmetric body.
The flow is assumed to consist of a viscous layer near the body and extending into the
wake and the external flow which is essentially inviscid. The effect of the viscous
layer near the body is taken into account by modifying the body shape by an appropriate
displacement thickness and the effect of the wake by determining an equivalent body in
the wake region.
In the framework of this representation the jet effects as well as boundary layer
separation on the boattail surface is accounted for by a properly shaped afterbody sim-
ulating the wake. The afterbody shape is selected to yield the known pressure at the
boattail base. More elaborate interaction calculations can be devised so that no spe-
cific pressure reference would be required. However, the present calculation scheme
requires that a base pressure be specified.
SYMBOLS
C pressure coefficient
C base pressure coefficient (taken as pressure coefficient at last boattail point
at which pressure was calculated)
D maximum model diameter
Mn free stream Mach number
P../P ratio of jet total pressure to free stream static pressure
R radius of body on which pressure is calculated, r + 5*/cos a
r radius of body on which boundary layer is calculated
s separation point location
u tangential component of velocity
u, maximum backflow velocity
x axial distance from start of boattail
ex local surface angle
0 boattail trailing edge angle
6* displacement thickness
A a-. initial flow turning angle at base
Subscripts:
b on body
ds dividing streamline
e at edge of boundary layer
fs free shear layer
1 iteration number
o minimum value
smooth region where displacement surface was smoothed
w in wake
METHOD OF ANALYSIS
Separation at Base
The basic hypothesis in the present flow model is presented in figure 1.
The flow is divided into the following regions:
(1) Inviscid flow around the corrected body.
(2) Viscous flow:
(a) Upstream of base, the boundary layer calculation is made on the solid
boundaries of the model (for cases with no separation boattail).
(b) Downstream of base, a zero velocity line is assumed, defining a fictitious
afterbody. On this new shape the boundary layer calculation is continued until the
results diverge as r (x) ~ 0. At the minimum value of R (x) a cylindrical afterbody
is assumed having a radius R . Henceforth, this afterbody will be referred to as the
"wake-body." °
The new body shape is now defined by a continuous curve starting with
R, = r. + 6,/cos a, on the body and R = r + 6 /cos a in the near wake termi-
nating in a'cylindrical body of radius r as x ~ °° (fig. 1). The shape of the line
o
u - 0, that is, the coordinates r (x), is modified in the iteration procedure until the
viscous-inviscid interaction calculation is convergent. This iteration procedure is
described in a later section. The final wake shape is determined such that the con-
verged value of the base (boattail trailing edge) pressure is equal to the prescribed
base (trailing edge) pressure.
Separation on Boattail
Although calculation of .this type of flow has not been attempted with the present
analysis, it is in principle similar to the calculation of flow separating at the base.
However in this case, the initial boundary layer calculation will indicate separation at
the point "s" shown in figure 2 and it will be necessary to start the "wake-body" at
this location. In the iteration procedure for this type of flow, not only the shape of the
zero velocity line, but also the location of the separation point would change from iter-
ation to iteration. When convergence is obtained, the boundary layer calculation should
indicate conditions of incipient separation at the separation point but then continue along
the zero velocity line as an attached boundary layer.
Justification of the "Wake-Body" Model
.The use of the "wake-body" model in the iteration calculation requires the
following approximations:
(1) Define the u = 0 line in the wake as a streamline defining an equivalent body.
This means neglecting the normal velocity on the u = 0 line.
(2) Assume that the velocity profile above the u = 0 line is the turbulent boundary
layer profile.
(3) Neglect the reverse flow region below the u = 0 line.
Using the u = 0 line instead of the dividing streamline to define an inviscid body
shape may be justified in cases of shallow separated zones as shown in figure 3. The
definition of the dividing streamline requires that the mass flow between the u = 0 line
and the dividing streamline equal the mass flow between the u = 0 line and the axis of
the body. If the density variation in the wake is small, the definition of the dividing
streamline implies that
5 /u, \
(1)
where 6r is the distance between the u = 0 line and the dividing streamline, u, is
the maximum backflow velocity, and u_, is the velocity on the dividing streamline.
The backward flow velocity u, in the "dead water" zone is extremely difficult to
evaluate accurately. Some calculations of this reverse flow velocity in two-dimensional
laminar separated flows are presented in references 5 and 6. There extremely low
values of u,/u were obtained, that is u,/u ~ 0. 02 to 0. 04. An experimental
measurement of the reverse flow profile in a separated flow on a two-dimensional air-
foil in turbulent subsonic and transonic flows is presented in reference 7, where values
of u, /u of about 0.15 are obtained. The velocity on the dividing streamline is deter-
mined in reference 8 to be about 0. 528 u for incompressible two-dimensional laminar
flow. The value of u, in incompressible turbulent flow is about 0. 61 u (ref. 9).
These result in ub/udg values of about 0. 03 to 0. 28. From equation (1), it can be
seen that 6 is small compared to r and the assumption that the u = 0 line is a
streamline is reasonable.
Since the velocity profiles of turbulent shear flow and the turbulent boundary layers
are not significantly different, the difference between the displacement thicknesses in
* *both cases is even smaller so that the assumption 6 = 6, is reasonable and the pres-
ent approximation in determining a corrected shape for the inviscid calculation may be
expected to produce reasonable results.
As noted previously, the definition of an equivalent solid body on the u = 0 line
introduces an approximation to the boundary conditions in evaluating the viscous flow
distribution in the boundary layer in comparison to those experienced in the actual free
shear layer. In the actual free shear layer there is flow normal to the u = 0 line since
this is not actually a streamline. In the present model the normal component of veloc-
ity is assumed to be zero. This effect is assumed to have a small effect on the
displacement thickness.
A result of these approximations is that, since the mixing process in the wake is
not correctly taken into account, a unique location of the u = 0 line is not obtained. It
can be shown that convergent solutions can be obtained for various shapes of the u = 0
line each resulting in a different base pressure. It seems likely that for each calcu-
lated value of base pressure, the calculated pressure distribution on the boattail
upstream of the base and probably also in the wake near the base is correct. This
feature allows the calculation of pressure distributions on the boattail including the
effect of a jet plume. Here it is assumed that there is a relation between the jet pres-
sure and the boattail base pressure. An a posteriori justification for this assumption
can be found in comparison of the calculated pressure distributions with experimental
data with and without jet plumes discussed later in this report.
Some corrections to the present model can be obtained by modifying the boundary
layer computation downstream of the base. This modification may be done by using
velocity profiles calculated for shear layers or even a calculated reverse profile. In
addition the boundary conditions on the u = 0 line can be made more correct by
including an estimated normal velocity component at this boundary (similar to the in-
jection condition). However, since any of these corrections required considerable
modifications in the presently available computer programs, it was deemed more im-
portant at this stage to proceed with the available computer programs using the sim-
plifying assumptions in order to develop the calculation procedure for the interaction
model. Some of the corrections may be incorporated in future studies.
Calculation Procedure
Viscous flow program. - The flow model used in the interaction calculations
requires an evaluation of a boundary layer displacement thickness. This displacement
thickness is related to the external flow pressure distribution and to the boundary con-,
ditions on the body surfaces (heat transfer, mass injection, or suction, etc.) through
the boundary layer equations. In subsonic and transonic flows on boattails under most
flight conditions the boundary layer is fully turbulent well ahead of the boattail. There-
fore only the turbulent boundary layer case will be considered. There are a number of
reasonable methods for evaluation of turbulent boundary layers. Some of these are
reported in references 10 to 13.
Due to its simplicity and ready availability, a computer program using the method
of Sasman and Cresci (ref. 10) was utilized in the present investigation. Since this is
an integral method, this program is relatively short but still results in good boundary
layer calculations as indicated in, the AFOSR-IFP Stanford Conference (ref. 14) and can
carry through reasonable adverse pressure gradients.
Future programs based on finite difference schemes may be amenable to a more
refined interaction calculation. However, for the evaluation of the proposed interaction
scheme the present boundary layer program is adequate.
Inviscid f low program. - The flow over the corrected body is calculated by a pro-
gram for the solution of the subsonic potential flow equations based on the Neumann
method (ref. 15). This method enables an exact calculation of the pressure distribution
on axially symmetric bodies. It is important to note that in order to obtain good results
in viscous-inviscid interaction calculations one should use exact full equations rather
than linearized equations for the. external flow. This may be similar to the requirement
of using a full characteristic solution in the supersonic interaction case as discussed by
Miller (ref. 16). The program of reference 15 for flows over bodies at subsonic speeds
has been shown to give very accurate results. In this case again the program was
readily available.
Viscous-inviscid calculation procedure. - Calculation procedures have been devel-
oped for the interactive flow based on the flow model for the case of separation at the
base (fig. 1). The problem of separation on the boattail (fig. 2) has not yet been
attacked.
The calculation is started using the inviscid flow program with uncorrected body
coordinates. In order to perform this calculation in subsonic flow, conditions down-
stream of the body's base have to be included. As discussed previously, the intro-
duction of the "wake-body" approximation defines the body's coordinates in that region.
The calculated pressure distribution is used as input to the boundary layer method to
determine the displacement thickness. The displacement thickness is added to the body
coordinates and zero velocity line in the wake. There are two problematic zones that
require special computing procedures.
(1) In the reattachment zone where the line u = 0 reaches the axis, the boundary
layer thickness and displacement thickness increase to infinity. A cylindrical body is
defined with radius R which is equal to the minimum radius of the displacement
o
surface (indicated in figs. 1 and 2).
(2) At the boattail base, due to a sharp expansion, the displacement surface exhib-
its strong variations of the local slope causing oscillations of the pressure. These
oscillations increase in each additional iteration as seen in figure 4(a). This appears
to be an artificial oscillation caused by the sensitivity of the inviscid flow program to
discontinuity in boundary slopes. It was found that by smoothing out this region by
proper curve fitting these oscillations can be eliminated and the computation scheme
made to converge. The effect of smoothing using 2, 4, 6, and 8 points is shown in fig-
ure 4(b), (c), (d), and (e), respectively. The region in which the smoothing was per-
formed is indicated in the figure. For the conditions shown in figure 5, using eight-
point smoothing results in an extremely small variation of the local pressure and
therefore good convergence of the computational process. The effect of smoothing
various numbers of points on the convergence of the boattail pressure drag is shown in
figure 5.
Since the shape of the "wake-body" is not known, the u = 0 line is corrected in
each iteration as follows:
(1) Start with an arbitrary shape for the u = 0 line.
*(2) Compute the pressure distribution and 6 (x) for this body shape.
(3) Determine a corrected body by the following scheme.
(a) For the first iteration (i = 1)
(i) On the body: R, (x) = r,(x) + 6h (x)/cos a, (x)T>. b b b
(ii) In the wake: R^ (x) = rw (x) + 6W (x)/cos «w-(x)
(b) For successive iterations (i > 1)
(i) On the body: R (x) = r,(x) + 6 (x)/cos a. (x)
Di+l b bi .
(ii) In the wake: r (x) = R (x) - 6,,, (x)/cos a (x) and
wi+l Vi wi wi
*
R
 M = r k) + 5 (x)/cos or (x).
Here r is the radius of the surface on which the boundary layer is calculated, R is
the radius of the displacement surface, the subscripts b and w refer to the body and
wake, respectively, and the subscript i denotes the iteration number. This scheme
is shown schematically in figure 6.
The convergence of the solution for a typical initial shape of the u = 0 line is
found to be reasonably fast as seen in figure 7. For all results shown in this report,
the initial shape of the u = 0 line was specified in the following manner. The slope of
the first straight line segment in the wake was taken to be the same as the slope of the
last segment on the boattail. (The inviscid analysis (ref. 11) represents the body by a
series of straight line segments. ) Each of the next three segments was at an angle of
A a, /3 with respect to the segment upstream of it. The remainder of the u = 0 line
was taken to be a straight line. The lengths of the segments were smallest near the
base and increased gradually in the downstream direction. Distributing the turn over
a number of points was done to avoid excessively strong pressure gradients in the first
iteration which might cause the initial boundary layer calculation to indicate separation.
The present procedure will result in a convergent solution for any reasonable
initial u = 0 line since no criterion for wake structure is included in the present flow
model. The various pressure distributions which are obtained at convergence on
various initial u = 0 lines are shown in figure 8. These pressure distributions are
characteristic of those obtained with different jet pressure ratios. If a correspon-
dence between base pressure coefficient and jet pressure ratio can be determined, then
the pressure distributions shown in figure 9 can be attributed to specific jet pressure
ratios. The dependence of the base pressure on the jet pressure ratio (including the
jet off condition) can be obtained from other analyses or from experimental data (such
as those in ref. 1). A value of jet pressure ratio can be attributed to each of the
curves in figure 8 by comparing the pressure at the end of the boattail (which is approx-
imately equal to the base pressure) on these curves to the base pressures at known jet
pressure ratios. Having this information then allows the calculation of the complete
boattail pressure distribution at any value of jet pressure ratio.
An interesting variation of the pressure distribution and particularly the base
pressure as a function of the initial "wake-body" deflection angle, A0* is found in
this analysis. The variation of the base pressure C as a function of A«b is shown
in figure 9 for a 10 conical boattail. It is found that C has a minimum value for a
^b
certain "wake-body" angle. Although the same base pressure is obtained for two
8
different A a, (away from the minimum), the pressure distributions are different.
The behavior of these solutions is apparently due to the influence of the recom-
pression in the wake on the boattail pressures. For positive values of the initial
turning angle at the base Aa, , the recompression of the flow in the wake as R — R
is far removed from the base. As a result the flow near the end of the boattail is
determined primarily by the conditions in the vicinity of the base. Thus, as A a,
becomes smaller, less recompression occurs at the base causing a decrease in pres-
sure. This in turn causes a thinning of the boundary layer and a further drop in pres-
sure near the end of the boattail. When A a, has decreased by a large enough amount,
the recompression in the wake is close enough to the base to have as strong an effect on
the boattail pressures as the expansion at the base. Then as Ao^ is decreased fur-
ther, the pressure near the end of the boattail rises as the recompression in the wake
becomes stronger and closer to the boattail. This causes the boundary layer near the
end of the boattail to grow more rapidly, resulting in a further increase in pressure.
The significance of this pressure coefficient minimum is not clear since it does not
correspond to a particular flow condition such as the jet off case.
RESULTS AND DISCUSSION
The present method has been applied to the calculation of the pressure distribution
and pressure drag of conical afterbodies at subsonic speeds for a limited number of
cases. These cases did not have separated flow on the conical afterbodies. The calcu-
lated pressure at the last input point on the boattail was matched to the pressure ob-
tained at the same location from a curve drawn through the measured pressures on the
boattail. The data shown in the following comparisons are from reference 1.
Shown in figure 10 are the theoretical and experimental static pressure distribu-
tions for a 3° conical boattail at a free stream Mach number of 0. 8. The ratio of nozzle
exit to throat area for this configuration was 1. 721. The three upper curves and data
correspond to different values of exhaust jet total to free stream static pressure ratio;
the lowest curve and data correspond to the jet off condition. Good agreement was
obtained for the jet off condition; for the jet on conditions the agreement was not as
good. The best agreement for the three jet on cases was obtained at the highest
pressure ratio.
Theoretical and experimental pressure drag coefficients corresponding to the pres-
sure distributions of figure 10 are shown in figure 11. The drag coefficients are plotted
against the base pressure coefficient since the analysis uses base pressure as an inde-
pendent variable. The analysis yields drag coefficients that are in reasonable agree-
ment with those obtained experimentally.
Results for a 10° conical boattail at a free stream Mach number of 0. 4 are shown
in figure 12. The ratio of nozzle exit to throat area was 1.112. Theoretical and ex-
perimental static pressure distributions are shown for only two jet pressure ratios.
The experimental base pressure coefficient for the jet off condition was lower than the
minimum calculated value shown in figure 10 and therefore no comparison is made for
this condition.
Pressure drag coefficients are shown in figure 13 for the 10° conical boattail at
free stream Mach numbers of 0. 4 and 0. 8. The MQ = 0. 4 results correspond to the
pressure distributions shown in figure 12. The MQ = 0. 8 results are shown for the
fourth iteration even though the calculations could not be forced to converge at this con-
dition. This is done so that attention can be drawn to two problem areas in the analysis.
First, it can be seen that the number of points used in the smoothing at the base affects
the drag level especially at the higher base pressures which correspond to higher jet
pressure ratios. Second, the drag level is considerably lower than the experimental
values. This is caused by the inability of the method to properly predict the pressure
in the strong overexpansion at the start of the boattail region. For the 10° boattail at
MQ = 0.4 and the 3° boattail at M~ = 0. 8, the expansions are not as strong and good
agreement is obtained at the shoulder (figs. 10 and 11). The overexpansion which
occurs at the sharp corner at the start of the boattail may require the use of viscous
layer equations which include the effects of normal pressure gradients.
Calculations were also made for a 15° conical boattail at MQ = 0. 4 but results are
not shown since satisfactory convergence could not be obtained even by smoothing
12 points at the base. Smoothing more points was deemed inappropriate.
SUMMARY OF RESULTS
An approximate method of calculating the pressure distributions on boattails has
been proposed. This method accounts for viscous effects including the presence of a
separated region for base flows by combining an inviscid analysis with a boundary layer
analysis in an iterative calculation. Details of the reversed flow region are not con-
sidered; instead, the reversed flow region is considered as a solid body and the
streamwise flow is treated as a boundary layer. The shape of the dividing line between
the forward and reverse flow regions is calculated by an iteration procedure. This
method requires that the static pressure at the separation point be specified. It is
possible, in principle, to extend this method to the calculation of boattail flows with
pressure gradient induced separation on the boattail.
Some preliminary results have been obtained for boattails at subsonic free stream
Mach numbers with turbulent boundary layers separating at the boattail base. A com-
puter program based on an iterative calculation between an integral turbulent boundary
layer method and a subsonic potential flow method was used. Results are compared to
10
the measured pressure distribution on a 3° conical boattail at a free stream Mach num-
ber of 0. 8 and a 10° conical boattail at a free stream Mach number of 0. 4 for various
jet pressure ratios. Reasonable agreement was obtained for both the boattail pressure
distribution and the boattail pressure drag when the calculated pressure just ahead of
the base was matched to the measured pressure at the same location. Oscillations of
the pressure near the base were eliminated by smoothing the displacement surface a
short distance upstream and downstream of the base. For higher angle boattails, this
smoothing did not result in convergence of the pressure distribution.
Lewis Research Center,
National Aeronautics and Space Administration,
Cleveland, Ohio, June 18, 1974,
501-24.
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Figure 1. - "Wake-body" model (separation at base).
Body
Figure 2. - "Wake-body" model (separation on body).
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Figure 3. - Zero velocity line and dividing streamline in separated flow.
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Figure 9. - Effect of initial turning angle at base on
computed base pressure coefficient. Free stream
Mach number M0 = 0.4; boattail trailing edge angle
P -10°; ten points smoothed (0.783 < (x/ D) < 1.1721;
four iterations.
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Figure 10. - Comparison of theoretical and experimental boattail
pressure distributions for 3° conical boattail at free stream
Mach number of 0.8.
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Figure 11. - Comparison of theoretical and experimental
boattail pressure drag coefficients for 3° conical
boattail at free stream Mach number of 0.8.
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Figure 12. - Comparison of theoretical and experimental boattail
pressure distributions for 10° conical boattail at free stream
Mach number of 0.4.
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Figure 13. - Comparison of theoretical and experimental boattail
pressure drag coefficients for 10° conical boattail at free stream
Mach numbers of 0.4 and 0.8.
NASA-Langley, 1974 E-7811 19
NATIONAL AERONAUTICS AND SPACE ADMINISTRATION
WASHINGTON, D.C. 2O546
OFFICIAL BUSINESS
PENALTY FOR PRIVATE USE S3OO SPECIAL FOURTH-CLASS RATE
BOOK
POSTAGE AND FEES PAID
NATIONAL AERONAUTICS AND
SPACE ADMINISTRATION
4S1
POSTMASTER : If Undeliverable (Section 158Postal Manual) Do Not Return
"The aeronautical and space activities of the United States shall be
conducted so as to contribute . . . to the expansion of human knowl-
edge of phenomena in the atmosphere and space. The Administration
shall provide for the widest practicable and appropriate dissemination
of information concerning its activities and the results thereof."
—NATIONAL AERONAUTICS AND SPACE ACT OF 1958
NASA SCIENTIFIC AND TECHNICAL PUBLICATIONS
TECHNICAL REPORTS: Scientific and
technical information considered important,
complete, and a lasting contribution to existing
knowledge.
TECHNICAL NOTES: Information less broad
in scope but nevertheless of importance as a
contribution to existing knowledge.
TECHNICAL MEMORANDUMS:
Information receiving limited distribution
because of preliminary data, security classifica-
tion, or other reasons. Also includes conference
proceedings with either limited or unlimited
distribution.
CONTRACTOR REPORTS: Scientific and
technical information generated under a NASA
contract or grant and considered an important
contribution to existing knowledge.
TECHNICAL TRANSLATIONS: Information
published in a foreign language considered
to merit NASA distribution in English.
SPECIAL PUBLICATIONS: Information
derived from or of value to NASA activities.
Publications include final reports of major
projects, monographs, data compilations,
handbooks, sourcebooks, and special
bibliographies.
TECHNOLOGY UTILIZATION
PUBLICATIONS: Information on technology
used by NASA that may be of particular
interest in commercial and other non-aerospace
applications. Publications include Tech Briefs,
Technology Utilization Reports and
Technology Surveys.
Details on the availability of these publications may be obtained from:
SCIENTIFIC AND TECHNICAL INFORMATION OFFICE
N A T I O N A L A E R O N A U T I C S A N D S P A C E A D M I N I S T R A T I O N
Washington, D.C. 20546
